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Modal motivations
•Generic - early & late

•Highly efficient 

•Reconstruction

•Blind survey 

•Optimal 

•Simulations

•Planck resolution

•CMB polyspectra & 3D LSS



• The primordial bispectrum and trispectrum* are defined by

Background

3

• For the CMB the bispectrum and trispectrum* are defined by

* For simplicity we give formulae only for diagonal-free trispectra. 
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Figure 1: (a) The region of k-space allowed by the triangle inequality, i.e., for which the primordial bispectrum is valid. The
red lines are k1 = k2, k3 = 0; k2 = k3, k1 = 0; k3 = k1, k2 = 0 and the allowed region is in yellow. (b) This area can be

parametrised into slices represented by the green triangle and the distance 2|!k|/
√

3 of the centre of the triangle from the origin.

The region covered in the bispectrum correlator is the intersection of the cube defined by [0, lmax] and the tetrahedron
defined by the triangle condition on the three li and so we should cover a similar region in k-space. If we just look at
the correlation on one slice then we miss the effect the shape of the region has on the result. If we think of the region
as being composed of many parallel slices then some will be incomplete due to the effect of restricting the individual
ki < kmax. Different slices will give different correlations depending on how much they have been cut and so no slice
is truly representative of the true correlation. The third and related problem if that the weight in (51) is required to
give accurate representation of the CMB correlation using shape functions in k-space.

Shape decomposition

Given strong observational limits on the scalar tilt we expect all shape functions to exhibit behaviour close to
scale-invariance, so that S(k1, k2, k3) will only depend weakly on |!k|. Here, we choose to parametrise the magnitude
of the ki’s with both |!k| = (k2

1 + k2
2 + k2

3)
1/2 and the semi-perimeter,

k ≡ 1

2
(k1 + k2 + k3) . (53)

A consequence of this scaling behaviour is that the form of the shape function on a cross-section is essentially
independent of k, so that for the models under consideration we can write

S(k1, k2, k3) = f(k)S̄(k̂1, k̂2, k̂3) . (54)

where

k̂1 =
k1

k
, k̂2 =

k2

k
, k̂3 =

k3

k
, (55)

and we note that k̂1 + k̂2 + k̂3 = 2. Since we are restricted to the region where the three ki are able to form a
triangle by momentum conservation, we will reparametrise the allowed region to separate out the overall scale k from
the behaviour on a cross-sectional slice Sk. This two-dimensional slice is spanned by the remaining coordinates (see

There is a triangle condition on the three k or L so the 
domain for the bispectrum is a tetrahedron (tetrapyd)
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For scale-invariant bispectra (k-6), we define the shape 
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first, that the sum of the three multipoles li must be even and, secondly, that the li’s satisfy the triangle
condition, analogously to the wavenumbers ki. For wavenumbers, the triangle condition is enforced through
the x-integral over the three spherical Bessel functions jl(kix) which evaluates to zero if the ki’s cannot
form a triangle, whereas in multipole space it is enforced by the angular integration dΩx over the spherical
harmonics Ylimi

in (8). Appreciating the origin of these constraints is important when we later consider the
separability of the reduced bispectrum expression (7).

B. Separable primordial shapes and CMB bispectrum solutions

Given that the primordial power spectrum is very nearly scale-invariant, it is expected that the bispectrum
will behave similarly. In order to bring the bispectrum to a scale-invariant form we have to appropriately
eliminate a k6 scaling which naturally arises in (6). This is usually achieved by multiplying through by the
factor (k1k2k3)2 appearing in (11) and defining a primordial shape function as

S(k1, k2, k3) ≡
1
N

(k1k2k3)2BΦ(k1, k2, k3) , (12)

where N is a normalisation factor which is often taken such that for equal ki the shape function has unit
value S(k, k, k) = 1. (This normalisation is also used for fNL, but it only strictly applies for scale-invariance
and, in any case, leads to inconsistent comparisons between different models, as we shall discuss in section
IV.) We thus characterise scale-invariant models in terms of an overall amplitude, parametrised by fNL,
and their transverse shape, described by S(k1, k2, k3) on a triangular slice with k1 + k2 + k3 = const. [18].
This leaves a two-dimensional space on which it is most elegant to use the two independent variables α̃, β̃
[14, 19]

α̃ = (k2 − k3)/k̃ , β̃ = (k̃ − k1)/k̃ , where k̃ = 1
2(k1 + k2 + k3) = const. , (13)

with the following domains 0 ≤ β̃ ≤ 1 and −(1 − β̃) ≤ α̃ ≤ 1 − β̃. For scale-dependent models with a
non-trivial variation in k̃, the full three-dimensional dependence on the ki must be retained. In terms of
the shape function (12), the reduced bispectrum (11) can be rewritten as

bl1l2l3 =
1
N

(
2
π

)3 ∫
x2dx

∫
dk1dk2dk3 S(k1, k2, k3) ∆l1(k1)∆l2(k2)∆l3(k3) jl1(k1x)jl2(k2x)jl3(k3x).(14)

The simplest possible shape function is the constant model

S(k1, k2, k3) = 1 , (15)

for which a large-angle analytic solution for the reduced bispectrum was presented in ref. [11],

bconst
l1l2l3 =

∆2
Φ

27N

1
(2l1 + 1)(2l2 + 1)(2l3 + 1)

[
1

l1 + l2 + l3 + 3
+

1
l1 + l2 + l3

]
, (l $ 200) . (16)

Here, we take the Sachs-Wolfe approximation that ∆l (k) = 1
3jl ((τo − τdec) k) for l $ 200 and exploit the

manifest separability of the expression (14) to perform the one-dimensional ki integrations individually.
The more general constant solution does not have an analytic solution for l ! 200, for the reason that
the transfer functions cannot be expressed in a simple form, but it can be evaluated numerically from the
expression

bconst
l1l2l3 =

∆2
Φ

N

∫
x2dx Il1(x) Il2(x) Il3(x) , where Il(x) =

2
π

∫
dk ∆l(k) jl(kx) . (17)

The large-angle solution (16) is an important benchmark with which to compare the shape of late-time
CMB bispectra from other models bl1l2l3 (note the l−4 scaling) and, additionally, it has some further recent
physical motivation [20].
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Many challenges
• THEORETICAL - To project the primordial correlators to their 

late time counterparts we must perform the integrals

• DATA ANALYSIS - We endeavour to determine the goodness 
of fit between theory and the CMB with the estimator



TRACTABILITY = SEPARABILITY
BACKGROUND
The solution is separability!
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greatly reduces the computational cost from O
(
!5max

)
to O

(
!3max

)
operations. If we define the new quantities

MX(r, n̂) ≡
∑

!m

a!mX!(r)
C!

Y!m(n̂) ,

MY (r, n̂) ≡
∑

!m

a!mY!(r)
C!

Y!m(n̂) ,

MZ(r, n̂) ≡
∑

!m

a!mZ!(r)
C!

Y!m(n̂) , (III.105)

we can recast the estimator expression above in the following form:

E(a) =
1
N

∫
dr r2

∫
dΩn̂MX(r, n̂)MY (r, n̂)MZ(r, n̂) + perms. , (III.106)

where it is evident that we are now calculating our statistic in position space rather than in pixel space. Note how
the filtered maps MX , MY , MZ can be efficiently calculated using a fast harmonic transform algorithms such as those
included in the HEALPix package. This fast position space algorithm was initially introduced in Komatsu et al.
(2005) in the context of local fNL estimation, and applied to the estimation of WMAP 1-year data by the WMAP team
in Komatsu et al. (2003). It was then applied to equilateral fNL estimation for the first time in Creminelli et al. (2006).
An alternative numerical implementation with respect to the one used by the aforementioned authors was introduced
in Smith & Zaldarriaga (2006). Although different under many technical aspects, this second algorithm is still based
on the calculation of the position space statistic (III.106); we refer the reader to the original work for additional details.
This second implementation has been used to produce alternative estimates of f loc.

NL , and f eq.
NL from WMAP data, and to

estimate the amplitude of the orthogonal shape, recently introduced in Senatore et al. (2009).
Let us now discuss the possible limitations of this numerical approach. As noted in section II, the separability

condition is in principle quite restrictive: the only separable shape arising directly from primordial models of inflation
is the local one. On the other hand, it is still possible to study non-separable models by finding separable shapes that
are highly correlated to the primordial one. As observed in Creminelli et al. (2006); Fergusson & Shellard (2009);
Smith & Zaldarriaga (2006), the fNL limits obtained from a highly correlated separable shape in this way will be very
close to those that would have been obtained using the original non-separable model (see again sections II, III.B and
II.B for a detailed discussion of this issue). We know from earlier sections that the other two shapes mentioned so
far in this section besides local, namely the equilateral and orthogonal shape, have actually been derived as separable
approximations of theoretical inflationary shapes. These approximations were obtained in an heuristic way i.e. an
educated guess of a good separable approximation of the shape under study was made, and the correlation was checked
a posteriori. There is obviously no a priori guarantee that this approach would be easily repeatable for all the shapes
of interest. The eigenmode expansion method introduced in (Fergusson et al., 2009), and summarized by equation
(II.26), however, provides a general and rigorous method to find separable approximations of any shape, thus enabling
the estimation of any possible primordial model. In this case, recall that we expand our (non-separable) primordial
shape function in terms of the separable basis functions Qn (see (II.26), constructed from symmetric polynomical
products qp(k), as

S (k1, k2, k3) =
∑

prs

αprs qp(k1) qr(k2) qs(k3) , −→ bl1l2l3 = ∆
2
Φ fNL

∑

prs

αprs

∫
x2dx q !1{p q !2r q !3s} , (III.107)

where the second expression for the reduced bispectrum b!1!2!3 (III.56) expands in convolved basis functions (III.57)
in harmonic space with

q l
p(x) =

2
π

∫
dk qp(k)∆l(k) jl(kx) . (III.108)

In the mode expansion approach, then, the fNL-estimator for a specific model generalises to the following

E(a) =
1
N
∑

prs

αprs

∫
drr2
∫

dΩn̂ M{p(r, n̂) Mr(r, n̂) Ms}(r, n̂) , (III.109)
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1. The sum of the three multipoles !i must be even.

2. The !i’s satisfy the triangle condition |!i − ! j| < !k < !i + ! j.

Analogous to the wavenumber constraint (II.23), the second condition is tells us that the only multipole configurations
giving non-zero contributions to the bispectrum are those that form a closed triangle in harmonic (!-)space. For
wavenumbers, the triangle condition is enforced through the x-integral over the three spherical Bessel functions j!(kix)
which evaluates to zero if the ki’s cannot form a triangle, whereas in multipole space it is enforced by the angular
integration dΩx over the spherical harmonics Y!imi in (III.39).

B. Separable primordial shapes and CMB bispectrum solutions

In terms of the shape function (II.12), the reduced bispectrum (III.43) can be rewritten as

b!1!2!3 =
1
N

(
2
π

)3 ∫
x2dx

∫
dk1dk2dk3 S (k1, k2, k3)∆!1 (k1)∆!2 (k2)∆!3 (k3) j!1 (k1x) j!2 (k2x) j!3 (k3x). (III.45)

The expression above can be simplified and simple analytic solutions can sometimes be obtained for the very important
class of separable shapes obeying the ansatz S = XYZ, as in (II.20). Substituting (II.20) into (III.45), we find that

b!1!2!3 =
∫

drr2X!1 (r) Y!2 (r) Z!3 (r) + 5 perms , (III.46)

where we have defined the quantities:

X!(r) ≡
∫

dkk2 X(k) j!(kr)∆! ,

Y!(r) ≡
∫

dkk2 Y(k) j!(kr)∆! , (III.47)

Z!(r) ≡
∫

dkk2 Z(k) j!(kr)∆! .

Instead of the three-dimensional integral of (III.45) we now have to deal with a much more tractable product of three
one-dimensional integrals. Moreover, if we work at large angular scales in the Sachs-Wolfe approximation, the transfer
functions become ∆l(k) = 1

3 jl [(τo − τdec) k]. The presence of a product of spherical Bessel functions in the integrals
above can lead in some cases to simple analytic solutions.

Let us demonstrate this for the separable primordial shapes considered in section II. The simplest possible shape, the
constant model (II.14) with S (k1, k2, k3) = 1, has a large-angle analytic solution for the reduced bispectrum (Fergusson
& Shellard, 2009),

bconst
!1!2!3

=
∆2
Φ

27N
1

(2!1 + 1)(2!2 + 1)(2!3 + 1)

[
1

!1 + !2 + !3 + 3
+

1
!1 + !2 + !3

]
, (l # 200) . (III.48)

The large-angle solution (III.48) is an important benchmark with which to compare the shape of late-time CMB
bispectra from other models b!1!2!3 (note the l−4 scaling). The more general constant solution does not have an analytic
solution because the transfer functions cannot be expressed in a simple form, but it can be evaluated numerically from
the expression

bconst
!1!2!3

=
∆2
Φ

N

∫
x2dxI!1 (x)I!2 (x)I!3 (x) , where I!(x) =

2
π

∫
dk∆!(k) j!(kx) . (III.49)

The numerical solution is shown in fig. 7, exhibiting the a regular pattern of acoustic peaks introduced by the oscillating
transfer functions.
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where ε, η are the usual slow roll parameters. In the second line, we have noted that this shape can be accurately
represented as the superposition of local and equilateral shapes. The coefficients in (II.16), which include the scalar
spectral index n − 1 = −6ε + 2η " −0.05, confirm that fNL # 1 and so standard single slow roll inflation cannot
produce an observationally significant signal. Nevertheless, it is interesting to determine which shape is dominant in
(II.16) and to what extent other primordial shapes are independent from one another.

Whether two different primordial shapes can be distinguished observationally can be determined from the correla-
tion between the corresponding two CMB bispectra weighted for the anticipated signal to noise, as in the estimator
(see next section) and the Fisher matrix analysis (see section III.H). However, direct calculations of the CMB bispec-
trum can be very computationally demanding. A much simpler approach is to determine the independence of the two
shape functions S and S ′ from the correlation integral (Fergusson & Shellard, 2009, see also Babich et al. (2004))

Fε(S , S ′) =
∫

Vk

S (k1, k2, k3) S ′(k1, k2, k3)ωε(k1, k2, k3)dVk , (II.17)

where we choose the weight function to be

ωε(k1, k2, k3) =
1

k1 + k2 + k3
, (II.18)

reflecting the primary scaling of the CMB correlator. The shape correlator is then defined by

C̄(S , S ′) =
F(S , S ′)√

F(S , S )F(S ′, S ′)
. (II.19)

Here, the integral is over the tetrahedral region shown in fig. 2 taken out to a maximum wavenumber k ! kmax
corresponding to the experimental range l ≤ $max for which forecasts are sought (with $max ≈ τ0 kmax). The weight
function ωε(k1, k2, k3) appropriate for mimicking the large-scale structure bispectrum estimator (see section IV.C.2),
would be different with varying scaling lawas introduced by the transfer functions for wavenumbers k above and below
keq, the inverse comoving horizon at equal matter-radiation. Nevertheless, the 1/k weight given in (II.18) provides a
compromise between these scalings, and so shape correlation results should offer a useful first approximation.

Below we will survey primordial models in the literature, showing how close the shape correlator comes to a full
Fisher matrix analysis. However, here we note that the local shape (II.13) and the equilateral shape (III.53) have
only a modest 46% correlation. For the natural values of the slow roll parameters ε ≈ η we find the somewhat
surprising result that S Mald is 99.7% correlated with S local (and it cannot be easily tuned otherwise because 3ε ≈ η is
not consistent with deviations from scale-invariance favored observationally n − 1 < 0). Such strong correspondences
are important in defining families of related primordial shapes, thus reducing the number of different cases for which
separate observational constraints must be sought.

B. General primordial bispectra and separable mode expansions

The three shape functions (II.13), (II.14) and (III.53) quoted above share the important property of separability, that
is, they can be written in the form

S (k1, k2, k3) = X(k1) Y(k2) Z(k3) + 5 perms. , (II.20)

or as the sum of just a few such terms. As we shall see, if a shape S is separable, then the computational cost of
evaluating the corresponding CMB bispectrum B$1$2$3 is dramatically reduced. In fact, without this property, the task
of estimating whether a non-separable bispectrum is consistent with observation appears to be intractable (for large
$max). Of course, the number of models which can be expressed directly in the form (II.20) is very limited, despite the
usefulness of approximate ansätze such as the equilateral shape (III.53). Indeed, approximating non-separable shapes
by educated guesses for for the separable functions X, Y, Z is neither systematic nor computationally efficient (because
arbitrary non-scaling functions create numerical difficulties, as we shall explain later).
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greatly reduces the computational cost from O
(
!5max

)
to O

(
!3max

)
operations. If we define the new quantities

MX(r, n̂) ≡
∑

!m

a!mX!(r)
C!

Y!m(n̂) ,

MY (r, n̂) ≡
∑

!m

a!mY!(r)
C!

Y!m(n̂) ,

MZ(r, n̂) ≡
∑

!m

a!mZ!(r)
C!

Y!m(n̂) , (III.105)

we can recast the estimator expression above in the following form:

E(a) =
1
N

∫
dr r2

∫
dΩn̂MX(r, n̂)MY (r, n̂)MZ(r, n̂) + perms. , (III.106)

where it is evident that we are now calculating our statistic in position space rather than in pixel space. Note how
the filtered maps MX , MY , MZ can be efficiently calculated using a fast harmonic transform algorithms such as those
included in the HEALPix package. This fast position space algorithm was initially introduced in Komatsu et al.
(2005) in the context of local fNL estimation, and applied to the estimation of WMAP 1-year data by the WMAP team
in Komatsu et al. (2003). It was then applied to equilateral fNL estimation for the first time in Creminelli et al. (2006).
An alternative numerical implementation with respect to the one used by the aforementioned authors was introduced
in Smith & Zaldarriaga (2006). Although different under many technical aspects, this second algorithm is still based
on the calculation of the position space statistic (III.106); we refer the reader to the original work for additional details.
This second implementation has been used to produce alternative estimates of f loc.

NL , and f eq.
NL from WMAP data, and to

estimate the amplitude of the orthogonal shape, recently introduced in Senatore et al. (2009).
Let us now discuss the possible limitations of this numerical approach. As noted in section II, the separability

condition is in principle quite restrictive: the only separable shape arising directly from primordial models of inflation
is the local one. On the other hand, it is still possible to study non-separable models by finding separable shapes that
are highly correlated to the primordial one. As observed in Creminelli et al. (2006); Fergusson & Shellard (2009);
Smith & Zaldarriaga (2006), the fNL limits obtained from a highly correlated separable shape in this way will be very
close to those that would have been obtained using the original non-separable model (see again sections II, III.B and
II.B for a detailed discussion of this issue). We know from earlier sections that the other two shapes mentioned so
far in this section besides local, namely the equilateral and orthogonal shape, have actually been derived as separable
approximations of theoretical inflationary shapes. These approximations were obtained in an heuristic way i.e. an
educated guess of a good separable approximation of the shape under study was made, and the correlation was checked
a posteriori. There is obviously no a priori guarantee that this approach would be easily repeatable for all the shapes
of interest. The eigenmode expansion method introduced in (Fergusson et al., 2009), and summarized by equation
(II.26), however, provides a general and rigorous method to find separable approximations of any shape, thus enabling
the estimation of any possible primordial model. In this case, recall that we expand our (non-separable) primordial
shape function in terms of the separable basis functions Qn (see (II.26), constructed from symmetric polynomical
products qp(k), as

S (k1, k2, k3) =
∑

prs

αprs qp(k1) qr(k2) qs(k3) , −→ bl1l2l3 = ∆
2
Φ fNL

∑

prs

αprs

∫
x2dx q !1{p q !2r q !3s} , (III.107)

where the second expression for the reduced bispectrum b!1!2!3 (III.56) expands in convolved basis functions (III.57)
in harmonic space with

q l
p(x) =

2
π

∫
dk qp(k)∆l(k) jl(kx) . (III.108)

In the mode expansion approach, then, the fNL-estimator for a specific model generalises to the following

E(a) =
1
N
∑

prs

αprs

∫
drr2
∫

dΩn̂ M{p(r, n̂) Mr(r, n̂) Ms}(r, n̂) , (III.109)
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General Bispectrum Estimator Pipeline
Fergusson, Ligouri and EPS arXiv: 0912.5516 2

Figure 1: Flow chart for the two general estimator methodologies described and implemented in this article using complete
separable mode expansions. Note the overall redundancy which assists estimator validation and the independence of the
extraction of expansion coefficients from theory αn (cycle 1) and data βn (cycle 2). Explanations for the schematic equations
can be found in the main text.

need for new physics during inflation or even a paradigm shift away from it. Present measurements of this
local fNL are equivocal with the WMAP team reporting [3]

fNL = 51± 60 (95%) (1)

and with other teams obtaining higher [4] (WMAP3) or equivalent values [5, 6], while with improved
WMAP5 noise analysis a lower value was found fNL = 38 ± 42, but at a similar 2σ significance [7]. The
Planck satellite experiment is expected to markedly improve precision measurements with ∆fNL = 5 or
better [8].

Further motivation for the study of the bispectrum comes from the prospect of distinguishing alternative
more complex models of inflation which can produce nonGaussianity with potentially observable amplitudes
fNL ! 1, but also in a variety of different bispectrum shapes, that is, with the nonGaussian signal peaked
for different triangle configurations of wavevectors. To date only special separable bispectrum shapes
have been constrained by CMB data, that is, those that can be expressed (schematically) in the form
B(k1, k2, k3) = X(k1)Y (k2)Z(k3), or else can be accurately approximated in this manner. All CMB analysis,
such as those quoted above for the local shape (1), exploits this separability to reduce the dimensionality of
the required integrations and summations to bring them to a tractable form. The separable approach reduces
the problem from one of O(l5max) operations to a manageable O(l3max) [9]. Other examples of meaningful
constraints on separable bispectrum shapes using WMAP5 data include those for the equilateral shape [3]
and another shape ‘orthogonal’ to both equilateral and local [10]. Despite these three shapes being a good
approximation to non-Gaussianity from a number of classes of inflation models, they are not exhaustive
in their coverage of known primordial models [11], nor other types of late-time non-Gaussianity, such as
that from cosmic strings [12, 13]; they cannot be expected to be, given the functional degrees of freedom
available. Bringing observations to bear on this much broader class of cosmological models, therefore, is
the primary motivation for this paper.

In a previous paper [14], we described a general approach to the estimation of non-separable CMB bis-
pectra. The method has developed out of the first direct calculations of the reduced CMB bispectrum bl1l2l3
which surveyed a wide variety of non-separable primordial models, revealing smooth coherent patterns of
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where now the normalisation N is defined as follows,

N =

√√√√
∑

li

B2
l1l2l3

Cl1Cl2Cl3

√√√√
∑

li

B′2
l1l2l3

Cl1Cl2Cl3
. (38)

While this late time correlator is the best measure of whether two CMB bispectra are truly independent,
it requires a full calculation of the CMB bispectrum which is time consuming in general. In [11] we
determined that for the majority of models the shape correlator (28) introduced earlier is sufficent to
determine independence.

An inspection of equations (31,33) shows that a brute force numerical implementation of the optimal
estimator above would take O(l5max) operations. This means an implementation is not feasible for the
angular resolutions achieved by present and forthcoming datasets (e.g. in the signal dominated regime we
have lmax ! 500 for WMAP and lmax ! 2000 for Planck). However, as initially shown in ref. [9], if a specific
theoretical bispectrum can be written in separable form as B(k1, k2, k3) = X(k1)Y (k2)Z(k3) then the
computational cost of the algorithm can be reduced to O(l3max) operations, making the estimation tractable
even at very high angular resolutions. This establishes the fact that separability is a crucial property for
realistic data analysis, even though it is not generic for well-motivated inflationary and other models. As we
have seen, the usual solution adopted has been to approximate the primordial non-separable shape under
study using a separable form that is highly correlated with the original. This kind of approach requires a
case-by-case analysis of all non-separable bispectra arising from different models and an educated “guess” of
a good separable approximation, the close correlation of which must be verified numerically before moving
on to the real analysis. Besides being impractical, this can also prove to be extremely difficult in specific
cases. The aim of this work is then to find a completely general mathematical framework to “separate”
shapes, both primordial and late-time, and thus build a general pipeline for fNL estimation and simulation
of non-Gaussian CMB maps, that can be applied to any shape of interest.

III. BISPECTRUM MODE DECOMPOSITION

Our goal is to represent arbitrary non-separable primordial bispectra B(k1, k2, k3) or CMB bispectra
bl1l2l3 on their respective wavenumber or multipole domains using a rapidly convergent mode expansion
[14]. Moreover, we need to achieve this in a separable manner, making tractable the three-dimensional
integrals required for bispectrum estimation (14) by breaking them down into products of one-dimensional
integrals. In particular, this means that we wish to expand an arbitrary non-separable primordial shape
function as

S(k1, k2, k3) =
∑

p

∑

r

∑

s

αprs qp(k1) qr(k2) qs(k3) , (39)

where the qp are appropriate basis mode functions which are convergent and complete, that is, they span
the space of all functions on the bispectrum wavenumber (or multipole) domain. In what follows below,
we present one pathway for efficiently achieving this objective in stages. First, we create examples of one-
dimensional mode functions qp(k1) in the k1-direction which are orthogonal and well-behaved over the full
wavenumber (or multipole) domain. We then construct three-dimensional products of these mode functions
qp(k1)qr(k2)qp(k3) → Qn creating a complete basis for all possible bispectra on the given domain. Finally,
by orthonormalising these product basis functions Qn → Rn, we obtain a rapid and convenient method for
calculating the relevant expansion coefficients αprs in (39). The subsequent discussion and implementation
of general primordial and CMB bispectrum estimators, as well as map-making methods, is then built
around these mode functions qp, Qn, and Rn. Here, we use bounded symmetric polynomials as a concrete
and working implementation of this methodology, and we defer discussion about other possible basis mode
functions which have been investigated to the end of the section.

Expand the shape using separable basis functions
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Figure 6: Orthonormal polynomials q̄n(x) for the multipole domain (42) with weight functions w given in (46) [solid] and ws

given in (48) [dashed], as well as the previous qn(x) for unit weight [dashed] (shown already in fig. 5). Despite the different
scaling of w, these tetrahedral polynomials are very similar, particularly the latter two with flattened weight functions.

q̄0 = const.). The resulting first few polynomials for the multipole domain are then

q̄0(x) = 0.07378 ,

q̄1(x) = 0.3017 (−0.6110 + x) ,

q̄2(x) = 1.223
(
0.2665− 1.145 x + x2

)
, (55)

q̄3(x) = 4.933
(
−0.1000 + 0.7951 x− 1.659 x2 + x3

)
,

q̄4(x) = 19.85
(
0.0345− 0.4342 x + 1.578 x2 − 2.169 x3 + x4

)
,

q̄5(x) = 79.55
(
−0.0106 + 0.1975 x− 1.103 x2 + 2.576 x3 − 2.657 x4 + x5

)
, ...

A cursory comparison with qn given above for the flat wavenumber domain will show that these polynomials
are very similar for low n, despite the linear scaling behaviour of w. However, if we remove this scaling as
in the flatter weight ws in (48s), the polynomials become near identical as illustrated in fig. 6. It is clear
that each of these polynomial sets would suffice as independent basis functions on the multipole domain.
However, using the correctly weighted versions leads to improvements in the immediate orthogonality of
the three-dimensional polynomials we shall construct in the following discussion.

C. Bispectrum symmetries and three-dimensional basis functions

We can represent arbitrary bispectra on the tetrahedral domain (40) using a suitable set of independent
basis functions formed from products qp(x) qr(y) qs(z) of the orthogonal polynomials (54) (or with different
weight functions, such as (55). (Here, we again take x = k1/kmax, y = k2/kmax, z = k3/kmax or x = λ1/lmax,
etc.) Both primordial bispectra B(k1, k2, k3) and CMB bispectra bl1l2l3 on (40) possess six symmetries made
from combinations of discrete π/3 rotations around the line x = y = z and/or reflections which interchange
the axes. We can impose these six symmetries on our products by summing the relevant permutations and
defining the 3D basis function

Qn(x, y, z) = 1
6N [qp(x)qr(y)qs(z) + qr(x)qs(y)qp(z) + qs(x)qp(y)qr(z)

+ qp(x)qs(y)qr(z) + qs(x)qr(y)qp(z) + qr(x)qp(y)qs(z)]
≡ q{p qr qs} with n↔ {prs} , (56)

Next, as the shape function is symmetric in the three k, we 
create a symmetric product of the three polynomials of 

different orders which we label with n
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where we use the notation {prs} to denote the six permutations of prs. Here, for convenience, we have
specified a one-to-one mapping n ↔ {prs} ordering the permuted indices into a list labelled by n (see below).
Alternatively, we could directly represent bispectra in a power series using sums of monomial symmetric
polynomials which like (56) are also separable; that is, we could identify our set of basis functions with the
following

1, x + y + z , xy + yz + zx , x2 + y2 + z2, xyz , x3 + y3 + z3, etc. (57)

The Qn(x, y, z) we defined in (56) are themselves ultimately constructed from these through the qp products.
However, the Qn have two distinct advantages which are, first, they already have partial orthogonality
built in which improves their convenience and convergence and, secondly, unlike the elements of (57),
the qp polynomials remain bounded and well-behaved when convolved with transfer functions, as we shall
emphasise in the map-making discussion.

Since we will be dealing with relatively small numbers of basis functions, it is convenient to order the
symmetric products Qn = q{p qr qs} linearly with a single index n; here we offer two comparable alternatives
for achieving this. The first is by ‘slicing’ such that triples are ordered by the sum p + r + s and the second
is by ‘distance’ from the origin, that is, p2 + r2 + s2.

Slicing the prs naturally groups the Qn by the overall order of the polynomials from which they are made.
The subscript n, with a specific choice of sub-ordering, relates to the prs via

0 → 000 4 → 111 8 → 022 12 → 113
1 → 001 5 → 012 9 → 013 13 → 023
2 → 011 6 → 003 10 → 004 14 → 014 (58)
3 → 002 7 → 112 11 → 122 15 → 005 · · · ,

where we have underlined the transitions between polynomial order. The number dN of independent
symmetric polynomial products QnQpQr which can be formed at each polynomial order N is a combinatorial
problem but the sequence begins as follows and we give a recurrence relation for any further elements:

{dN} = {1, 1, 2, 3, 4, 5, 7, 8, 10, 12, ...} , dN = 1 + dN−2 + dN−3 − dN−5 . (59)

For consistency when using slicing we will usually decompose functions with polynomials up to a specific
order N .

The distance ordering of the Qn is more straightforward with

0 → 000 2 → 011 4 → 002 6 → 112 8 → 122
1 → 001 3 → 111 5 → 012 7 → 022 9 → 003 · · · . (60)

This approach is the analogue of state counting over spherical shells in the continuum limit and the basis
functions can be grouped accordingly. Distance ordering has some advantage by reshuffling to higher n the
pure states 00p which turn out to be most affected by masking.

While the Qn’s by construction are an independent set of three-dimensional basis functions on the domain
(40), they are not in general orthogonal. In fig. 7, we illustrate the inner product matrix γnp = 〈Qn, Qp〉,
showing partial orthogonality (nearly diagonal γnp) because of their origin as products of orthogonal qr’s.
However, this is not sufficient because we need the convenience of a fully orthonormal basis to efficiently
decompose arbitrary bispectra. For this reason, we undertake an iterative Gram-Schmidt orthogonalisation
process to construct an orthonormal set Rn from the Qn, that is, satisfying

〈Rn, Rp〉 = δnp . (61)

Formally, we have a Gram matrix Γ = (〈Qn, Qp〉) made from the independent functions Qn, and therefore
positive definite, which needs to be factorised as Γ = Λ"Λ where Λ = (〈Qn, Rp〉) is triangular (i.e. an LU
or Cholesky decomposition). As we require explicit relationships between Qn and Rn, we run through the
main steps in the Gram-Schmidt process.
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Let us assume that we have achieved this orthonormalisation up to n, that is, such that 〈Rn, Rm〉 = δnm,
∀m ≤ n. This means we can represent any basis function Qp in terms of the Rm and vice versa by inversion,
so we can write

Rm =
m∑

p=0

λmpQp for m, p ≤ n , (62)

where λmp is a lower triangular matrix with (λ−1)"np = 〈Qn, Rp〉. We wish by induction to construct the
next orthonormal polynomial Rn+1 and infer from this the sum over basis functions up to Qn+1. We achieve
this by taking the next independent basis function, Qn+1, as a first approximation to an unnormalised R′

n+1
and then we project out all components dependent on the Rm (m ≤ n),

R′
n+1 ≡

n+1∑

p=0

λ′n+1 pQp = Qn+1 −
n∑

m=0

Rm

∫

VT
Qn+1Rm w dVT

= Qn+1 −
n∑

m=0

m∑

r=0

m∑

s=0

λmrλmsγn+1 sQr (63)

where in the second line we have substituted (62) and the γn+1 s are determined from the relative orthogo-
nality of the Qn’s,

γn+1 s = 〈Qn+1, Qs〉 =
∫

VT
Qn+1Qs w dVT . (64)

By equating coefficients in the expression (63) we can determine that

λ′n+1 p = δn+1 p −
n∑

r=p

r∑

s=0

λrp λrs γn+1 s . (65)
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where we use the notation {prs} to denote the six permutations of prs. Here, for convenience, we have
specified a one-to-one mapping n ↔ {prs} ordering the permuted indices into a list labelled by n (see below).
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The Qn(x, y, z) we defined in (56) are themselves ultimately constructed from these through the qp products.
However, the Qn have two distinct advantages which are, first, they already have partial orthogonality
built in which improves their convenience and convergence and, secondly, unlike the elements of (57),
the qp polynomials remain bounded and well-behaved when convolved with transfer functions, as we shall
emphasise in the map-making discussion.

Since we will be dealing with relatively small numbers of basis functions, it is convenient to order the
symmetric products Qn = q{p qr qs} linearly with a single index n; here we offer two comparable alternatives
for achieving this. The first is by ‘slicing’ such that triples are ordered by the sum p + r + s and the second
is by ‘distance’ from the origin, that is, p2 + r2 + s2.

Slicing the prs naturally groups the Qn by the overall order of the polynomials from which they are made.
The subscript n, with a specific choice of sub-ordering, relates to the prs via

0 → 000 4 → 111 8 → 022 12 → 113
1 → 001 5 → 012 9 → 013 13 → 023
2 → 011 6 → 003 10 → 004 14 → 014 (58)
3 → 002 7 → 112 11 → 122 15 → 005 · · · ,

where we have underlined the transitions between polynomial order. The number dN of independent
symmetric polynomial products QnQpQr which can be formed at each polynomial order N is a combinatorial
problem but the sequence begins as follows and we give a recurrence relation for any further elements:

{dN} = {1, 1, 2, 3, 4, 5, 7, 8, 10, 12, ...} , dN = 1 + dN−2 + dN−3 − dN−5 . (59)

For consistency when using slicing we will usually decompose functions with polynomials up to a specific
order N .

The distance ordering of the Qn is more straightforward with

0 → 000 2 → 011 4 → 002 6 → 112 8 → 122
1 → 001 3 → 111 5 → 012 7 → 022 9 → 003 · · · . (60)

This approach is the analogue of state counting over spherical shells in the continuum limit and the basis
functions can be grouped accordingly. Distance ordering has some advantage by reshuffling to higher n the
pure states 00p which turn out to be most affected by masking.

While the Qn’s by construction are an independent set of three-dimensional basis functions on the domain
(40), they are not in general orthogonal. In fig. 7, we illustrate the inner product matrix γnp = 〈Qn, Qp〉,
showing partial orthogonality (nearly diagonal γnp) because of their origin as products of orthogonal qr’s.
However, this is not sufficient because we need the convenience of a fully orthonormal basis to efficiently
decompose arbitrary bispectra. For this reason, we undertake an iterative Gram-Schmidt orthogonalisation
process to construct an orthonormal set Rn from the Qn, that is, satisfying

〈Rn, Rp〉 = δnp . (61)

Formally, we have a Gram matrix Γ = (〈Qn, Qp〉) made from the independent functions Qn, and therefore
positive definite, which needs to be factorised as Γ = Λ"Λ where Λ = (〈Qn, Rp〉) is triangular (i.e. an LU
or Cholesky decomposition). As we require explicit relationships between Qn and Rn, we run through the
main steps in the Gram-Schmidt process.
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Let us assume that we have achieved this orthonormalisation up to n, that is, such that 〈Rn, Rm〉 = δnm,
∀m ≤ n. This means we can represent any basis function Qp in terms of the Rm and vice versa by inversion,
so we can write
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λmpQp for m, p ≤ n , (62)

where λmp is a lower triangular matrix with (λ−1)"np = 〈Qn, Rp〉. We wish by induction to construct the
next orthonormal polynomial Rn+1 and infer from this the sum over basis functions up to Qn+1. We achieve
this by taking the next independent basis function, Qn+1, as a first approximation to an unnormalised R′
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and then we project out all components dependent on the Rm (m ≤ n),
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where in the second line we have substituted (62) and the γn+1 s are determined from the relative orthogo-
nality of the Qn’s,

γn+1 s = 〈Qn+1, Qs〉 =
∫

VT
Qn+1Qs w dVT . (64)

By equating coefficients in the expression (63) we can determine that

λ′n+1 p = δn+1 p −
n∑

r=p
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s=0

λrp λrs γn+1 s . (65)
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Unit normalising appropriately, we obtain the coefficients λn+1 p which define the new orthonormal Rn+1

we are seeking, that is, we have

λn+1 p = λ′n+1 p /



n+1∑

r,s=0

λ′n+1 r λ′n+1 s γrs



 . (66)

In fig. 7, we see the orthogonalisation process at work for the first 10 modes by plotting the matrix
coefficients for 〈Qn, Qp〉 and 〈Qn, Rp〉. At each order n, the independent component in Rn is provided
by Qn, as indicated by the dominant diagonal term. This is a good approximation at low order, but the
mixing increases with n. We also illustrate several of the orthogonal polynomials Rn on the tetrapyd
domain fig. 8 for the slicing ordering (58). These are primarily the lowest modes and demonstrate the build
up of the number of nodal points and lines as the order increases. As an aside, we note Gram-Schmidt
orthogonalisation in the form given above is inherently unstable numerically, though this can be easily
corrected by using the modified Gram-Schmidt process. However, we do not iterate to sufficiently high n
to notice any significant degradation in accuracy, as verified by determining orthogonality.

D. Mode decomposition of the bispectrum

We have constructed examples of an orthonormal basis {Rn} out of monomial symmetric polynomials
(57) which span the set of symmetric functions on the tetrahedral domain (40). The Rn polynomials will
possess the properties of more familiar orthonormal eigenmodes in other contexts, notably completeness and
the convergence of mode expansions for well-behaved functions. We proceed by considering an arbitrary
primoridal bispectrum (12) described by the shape function S(k1, k2, k3) and decomposing it as follows

S(k1, k2, k3) =
∞∑

n=0

αRn Rn(x, y, z) , (67)

where the expansion coefficients αRn are given by

αRn = 〈Rn, S〉 =
∫

VT
Rn S w dVT , (68)

and K = kmax and k1 = Kx etc on the domain VT defined in (40). For practical purposes, we shall always
work with partial sums up to a given N = nmax with

SN =
N∑

n=0

αRn Rn(x, y, z) , S = lim
N→∞

SN . (69)

We shall assume that the expansion (69) is the best fit mode expansion of degree N (for this particular
mode ordering). Given the complete orthonormal basis Rn, Parseval’s theorem for the integrated product
of two functions implies

〈S, S′〉 =
∫

VT
S S′w dVT = lim

N→∞

N∑

n=0

αRn αRn
′ , (70)

which, for the square of a function S, yields the sum of the squares of the expansion coefficients, T [S2] =∑
n αRn

2.
In order to accomplish our original goal of a general separable expansion (39), we must now transform

backwards from the orthonormal Rn sum (69) into an expansion over the separable product functions
Qn = q{pqrqs} through

SN =
N∑

n=0

αQn Qn(x, y, z) , (71)

Finally we orthonormalise the Q to create our basis R  

21

Saturday, 20 March 2010



14

Orthonormal basis

Now we need to calculate 

And rearranging noting that       is lower triangular 
we find it is the inverse of the Cholesky 
decomposition of the      matrix



15

CMB DECOMPOSITION

What should we decompose? To get the best correlation we 
should try to expand the reduced bispectrum with a 

separable weight which is as close to the square root of the 
estimator as possible
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We will discuss this prospect in more detail in the next section about the late-time CMB estimator where
the relation between the αQn and βQn is more transparent.

B. CMB FNL estimator

We turn now to the implementation details of the late-time CMB estimator originally proposed in [14].
Here, we presume that the CMB bispectrum bl1l2l3 for our non-separable primordial model is precomputed
using eqn (76) or a robust hierarchical scheme [11, 14]. In addition, this approach can accommodate any
late-time source of non-Gaussianity in the CMB, including secondary anisotropies, gravitational lensing,
active models such as cosmic strings, and even systematic experimental effects. For the late-time analysis
we wish to expand the estimator functions using the orthonormal Rn(l1, l2, l3) and separable Qn(l1, l2, l3)
mode functions created out of products of the q̄p(l) polynomials, for which we gave a concrete example (55).
(Note that we denote the multipole modes with a bar, distinguishing them from the primordial qp, Qn, Rn

which are functions of wavenumber k). Convergence of mode expansions on the multipole domain (42) has
been found to be poor for quantities as scale-dependent as bl1l2l3 , so we choose to decompose the estimator
functions directly as

vl1vl2vl3√
Cl1Cl2Cl3

bl1l2l3 =
∑

n

ᾱQnQn , (89)

where the separable vl incorporates the freedom to make the weight function wl1l2l3 given in (43) even more
scale invariant (typically we shall use vl = (2l + 1)1/6 as defined in (48)). The expression (89) means that
we are effectively expanding in mode functions modulated by the Cl’s, that is, Qn →

√
ClQn/vl. These

more closely mimic the acoustic peaks observed in the bl1l2l3 as illustrated in fig. 11. We shall see that the
estimator expansion with Cl in (89) is appropriate for primordial models, but different flatter choices will
be more suitable for late-time anisotropy, such as that from cosmic strings.

We determine the implications for fNL of our mode expansion (89) by substituting into the estimator
(31),

E =
∑

li,mi

∑

n↔prs

ᾱQn q̄{pq̄r q̄s}

∫
d2n̂Yl2m2(n̂)Yl1m1(n̂) Yl3m3(n̂)

al1m1al2m2al3m3

vl1vl2vl3

√
Cl1Cl2Cl3

(90)

=
∑

n↔prs

ᾱQn

∫
d2n̂




∑

l1,m1

q̄{p
al1m1Yl1m1

vl1

√
Cl1








∑

l2,m2

q̄r
al2m2Yl2m2

vl2

√
Cl2








∑

l3,m3

q̄s}
al3m3Yl3m3

vl3

√
Cl3



 , (91)

where again we assume the correspondence between the label n and an ordered list of permuted triples
{prs}, through Qn = q̄{pq̄r q̄s}. As previously for the primordial estimator (78), we note that the sum
between the q̄p(l) and the alm creates filtered versions of the original CMB map defined by

M̄p(n̂) =
∑

lm

qp(l)
alm

vl
√

Cl
Ylm(n̂) , (92)

which are multiplied together in (90) to form the product map

M̄n(n̂) = M̄p(n̂)M̄r(n̂)M̄s(n̂) . (93)

Integrating over directions, we can obtain the map mode expansion coefficient

βn =
∫

d2n̂Mn(n̂) . (94)

Thus the estimator reduces again to diagonal form

E =
1
N

nmax∑

n=0

ᾱQn β̄Qn . (95)

4

The primordial potential Φ is imprinted on the CMB mutipoles alm by a convolution with transfer functions
∆l(k) representing the linear perturbation evolution, through the integral

alm = 4π(−i)l
∫

d3k

(2π)3
∆l(k) Φ(k) Ylm(k̂) . (2)

The CMB bispectrum is the three point correlator of the alm, so substituting we obtain

Bl1l2l3
m1m2m3

= 〈al1m1al2m2al3m3〉 (3)

= (4π)3(−i)l1+l2+l3

∫
d3k1

(2π)3
d3k2

(2π)3
d3k3

(2π)3
∆l1(k1)∆l2(k2)∆l3(k3)× (4)

〈Φ(k1)Φ(k2)Φ(k3)〉Yl1m1(k̂1)Yl2m2(k̂2)Yl3m3(k̂3) , (5)

where k1 = |k1|, k2 = |k2| and k3 = |k3|. Here, we define the primordial bispectrum as

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3BΦ(k1, k2, k3) δ(k1 + k2 + k3) , (6)

where the delta function enforces the triangle condition, that is, the constraint imposed by translational
invariance that wavevectors in Fourier space must close to form a triangle, k1 + k2 + k3 = 0. We replace
the delta function in (6) with its exponential integral form, substitute this into equation (3) and integrate
out the angular parts of the three ki integrals in the usual manner to yield

Bl1l2l3
m1m2m3

=
(

2
π

)3 ∫
x2dx

∫
dk1dk2dk3(k1k2k3)2BΦ(k1, k2, k3) ∆l1(k1)∆l2(k2)∆l3(k3)

× jl1(k1x)jl2(k2x)jl3(k3x)
∫

dΩx Yl1m1(x̂)Yl2m2(x̂)Yl3m3(x̂) . (7)

The last integral over the angular part of x is known as the Gaunt integral which can be expressed in terms
of Wigner-3j symbols as

Gl1l2l3
m1m2m3

≡
∫

dΩxYl1m1(x̂)Yl2m2(x̂)Yl3m3(x̂)

=

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

(
l1 l2 l3
0 0 0

) (
l1 l2 l3
m1 m2 m3

)
. (8)

Given that most theories we shall consider are assumed to be isotropic, it is usual to work with the angle-
averaged bispectrum,

Bl1l2l3 =
∑

mi

(
l1 l2 l3
m1 m2 m3

)
〈al1m1al2m2al3m3〉 . (9)

or the even more convenient reduced bispectrum which removes the geometric factors associated with the
Gaunt integral,

Bl1l2l3
m1m2m3

= Gl1l2l3
m1m2m3

bl1l2l3 . (10)

The reduced bispectrum from (3) then takes the much simpler form

bl1l2l3 =
(

2
π

)3 ∫
x2dx

∫
dk1dk2dk3 (k1k2k3)2 BΦ(k1, k2, k3)

×∆l1(k1) ∆l2(k2) ∆l3(k3) jl1(k1x) jl2(k2x) jl3(k3x) . (11)

Here, it is important to note that the Gaunt integral in (10) encodes several constraints on the angle
averaged bispectrum Bl1l2l3 which are no longer transparent in the reduced bispectrum bl1l2l3 . These are,
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vl1vl2vl3

√
Cl1Cl2Cl3

(90)

=
∑

n↔prs

ᾱQn

∫
d2n̂




∑

l1,m1

q̄{p
al1m1Yl1m1

vl1

√
Cl1








∑

l2,m2

q̄r
al2m2Yl2m2

vl2

√
Cl2








∑

l3,m3

q̄s}
al3m3Yl3m3

vl3

√
Cl3



 , (91)

where again we assume the correspondence between the label n and an ordered list of permuted triples
{prs}, through Qn = q̄{pq̄r q̄s}. As previously for the primordial estimator (78), we note that the sum
between the q̄p(l) and the alm creates filtered versions of the original CMB map defined by

M̄p(n̂) =
∑

lm

qp(l)
alm

vl
√

Cl
Ylm(n̂) , (92)

which are multiplied together in (90) to form the product map

M̄n(n̂) = M̄p(n̂)M̄r(n̂)M̄s(n̂) . (93)

Integrating over directions, we can obtain the map mode expansion coefficient

βn =
∫

d2n̂Mn(n̂) . (94)

Thus the estimator reduces again to diagonal form

E =
1
N

nmax∑

n=0

ᾱQn β̄Qn . (95)
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Orthonormal CMB basis

So what is the inner product now?

And we choose v to make the weight as flat as possible
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Figure 11: Polynomials Rn on the tetrahedral domain (42) used for representing modes in the CMB estimator multiplied by
the weight function given in (89). These are ordered just as in fig. 8 with R̄0 (top left), R̄1, R̄2, R̄3, R̄4, and R̄41 (bottom
right). The last higher mode bears a superficial resemblance to the equilateral bispectrum in fig. 3.
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FIG. 8 The reduced CMB bispectra for several non-Gaussian models, including (top panels, left to right) equilateral, local, flattened
models and (bottom panels) warm, feature, cosmic string models (see main text). All five primordial models are normalised relative
to the constant solution (III.48) and are taken from Fergusson & Shellard (2009)). The analytic cosmic string bispectrum (III.64) is
multiplied by (!1!2!3)4/3 and is taken from Regan & Shellard (2009).

different scaling of the string CMB bispectrum are clear from a comparison with (III.50). Moreover, given the late-
time origin of this signal from string metric perturbations, the modulating effect of acoustic peaks from the transfer
functions is absent, as is clear from fig. 8. This is just one example of late-time phenomena such as gravitational
lensing, secondary anisotropies and contaminants which are accessible to analysis using the more general CMB mode
expansions (III.60).
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Planck resolution CMB bispectra (multipoles l1,l2,l3)

DBI Inflation        Local Model        Trans-Planckian

Warm inflation      Feature Model      Cosmic strings
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Primordial to CMB basis

Use transfer functions once to project forward 
primordial modes so we calculate

Then we can transform between the primordial and 
CMB expansions
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E =
∑

li,mi

∑

n↔prs

ᾱQn q̄{pq̄r q̄s}

∫
d2n̂Yl2m2(n̂)Yl1m1(n̂) Yl3m3(n̂)

al1m1al2m2al3m3

vl1vl2vl3

√
Cl1Cl2Cl3

=
∑

n↔prs

ᾱQn

∫
d2n̂




∑

l1,m1

q̄{p
al1m1Yl1m1

vl1

√
Cl1








∑

l2,m2

q̄r
al2m2Yl2m2

vl2

√
Cl2








∑

l3,m3

q̄s}
al3m3Yl3m3

vl3

√
Cl3





M̄p(n̂) =
∑

lm

qp(l)
alm

vl
√

Cl
Ylm(n̂)

M̄n(n̂) = M̄p(n̂)M̄r(n̂)M̄s(n̂)

βn =
∫

d2n̂Mn(n̂)

E =
1
N

nmax∑

n=0

ᾱQn β̄Qn

Now the projection is in 
alpha rather than beta
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E =
∑

li,mi

∑

n↔prs

ᾱQn q̄{pq̄r q̄s}

∫
d2n̂Yl2m2(n̂)Yl1m1(n̂) Yl3m3(n̂)

al1m1al2m2al3m3

vl1vl2vl3

√
Cl1Cl2Cl3

=
∑

n↔prs

ᾱQn

∫
d2n̂




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l1,m1

q̄{p
al1m1Yl1m1

vl1

√
Cl1








∑

l2,m2

q̄r
al2m2Yl2m2

vl2

√
Cl2








∑

l3,m3

q̄s}
al3m3Yl3m3

vl3

√
Cl3





M̄p(n̂) =
∑

lm

qp(l)
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vl
√

Cl
Ylm(n̂)

M̄n(n̂) = M̄p(n̂)M̄r(n̂)M̄s(n̂)

βn =
∫

d2n̂Mn(n̂)

E =
1
N

nmax∑

n=0

ᾱQn β̄Qn

Now the projection is in 
alpha rather than beta
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Figure 9: Correlation of the reconstructed bispectra to the original for partial sums of the decomposition up to a given mode n.
The plot includes the primordial bispectra for the equilateral and DBI models, the CMB bispectrum for the equilateral and DBI
models and the CMB bispectrum produced at late times by cosmic strings. In all cases, we find that with 15 three-dimensional
modes we have a correlation greater than 98%, thus demonstrating very rapid convergence. For the CMB bispectra, convergence
is limited by matching the acoustic peaks introduced by the transfer functions, whereas the primordial models converge at 98%
accuracy with only 6 modes.

where the αQn can be obtained from the αRn as

αQn =
N∑

p=0

(λ!)np αRp , (72)

with the transformation matrix λnp defined in (62) (this is triangular and not orthogonal in general). Note
the complication that αQn also contains contributions from Rp components with n < p ≤ N , since (λ!)np is
upper triangular. The inverse transformation

αRn =
N∑

p

(λ−1)T
np αQp , (73)

has coefficients given by (λ−1)np = 〈Qn, Rn〉. We have already noted that the degree of non-orthogonality
of the Qn basis is described by γnp = 〈Qn, Qp〉 in (64) which is in turn related to λnp through

(γ−1)np =
N∑

r

(λ!)nrλrp . (74)

When substituted into Parseval’s theorem (70) in the Qn basis, we see that the coefficients of different
degrees become mixed as

〈SN , S′N 〉 =
N∑

n

αRn
2 =

N∑

n

N∑

p

αQnγnpα
Q
p (75)

The separable Qn expansion (71) is important for most practical calculational purposes but its coefficients
are constructed at the outset using the orthonormal Rn. For interpreting results from the estimator it
is helpful to transform back to the Rn basis in order to understand the normalised spectrum αRn using
Parseval’s theorem (70). We finally note that all the transformation matrices, λnp and γnp in (64), need
only be calculated once, at the same time as the Rn polynomials are generated, and then stored for later
reference.

Correlation of the separable approximation to the original 
bispectra, both primordial and CMB
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• Recovery of 3sigma equil & local bispectrum signal from 
simulated maps with WMAP noise, beam and KQ75 mask

Bispectrum reconstruction

Theoretical bispectrum Recovered bispectrum



• Recovery of 3sigma equil & local bispectrum signal from 
simulated maps with WMAP noise, beam and KQ75 mask

Bispectrum reconstruction

Theoretical bispectrum Recovered bispectrum

Local



WMAP mode decomposition

• Orthonormal coefficients from preliminary WMAP5 analysis 

• Note: Late-time general method see all bispectrum contributions 
(unlike specific primordial filters) 

• Larger than expected foreground or other contamination, but 
inhomogeneous signal successfully subtracted by linear term  

Eigenmode n

ßn



The Bispectrum of the Universe
WMAP5 bispectrum after noise subtraction

arXiv:1006.1642
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Estimation

We have used these methods to constrain all scale invariant 
models and an oscillatory model for a selection of parameter 

space via the bispectrum
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28

k-dependence. This produces inconsistent results between models peaking or dipping at this central point
(actually along this line); contrast the factor of 7 between the quoted variances of the equilateral and local
models for exactly this reason. Furthermore, the definition is not well-defined for models which are not
scale-invariant, such as feature models, and it is simply not applicable nonGaussian signals created at late
times, such as those induced by cosmic strings or secondary anisotropies.

We, therefore, propose a universally defined bispectrum non-Gaussianity parameter FNL which (i) is a
measure of the total observational signal expected for the bispectrum of the model in question and (ii)
is normalised for direct comparison with the canonical local model (in particular, with F loc

NL = f loc
NL for a

given lmax). We presume that we have an unnormalised CMB bispectrum bl1l2l3 accurately calculated for
a specific theoretical model over the whole observationally relevant domain l ≤ lmax. This can be achieved
for any model using the separable mode expansion (76) or hierarchical methods [11]. We then define FNL

from an adapted version of the estimator (31) with

FNL =
1

NN̄loc

∑

limi

Gl1l2l3
m1m2m3

bl1l2l3
al1m1al2m2al3m3

Cl1Cl2Cl3
, (102)

where N is the appropriate normalisation factor for the given model,

N 2 =
∑

li

B2
l1l2l3

Cl1Cl2Cl3
, (103)

and N̄loc is the normalisation for the local model with fNL = 1,

N̄ 2
loc =

∑

li

Bloc (fNL=1)
l1l2l3

2

Cl1Cl2Cl3
. (104)

This FNL estimator will certainly recover the usual fNL for the local model, but it is also clear that it will
also equitably compare the total integrated observational bispectrum with that obtained from the fNL = 1
local model. Of course, these definitions presume a sum to a given l = lmax (which should be quoted)
but results for primordial models should not depend strongly on this cut-off, unless scale-invariance is
broken. In any case, diffusion from the transfer functions means that the primordial signal is dying out
beyond l ! 2000, so we propose a canonical cut-off at lmax = 2000 (which is also relevant in the medium
term for the Planck experiment). Late-time anisotropies, such as cosmic strings, do not generically fall-off
exponentially for l ! 2000, but meaningful comparisons to the local fNL=1 model can be made with the
same definition (102) on this domain, and alternative measures can be proposed elsewhere. In principle, the
normalised estimator (102) can also be adapted as a gross measure of the total bispectral signal over the
given domain, irrespective of the possible underlying physical model. For example, using the reconstruction
from Parseval’s theorem (70), the estimator provides a measure of F 2

NL which should then be normalised
relative to the total expectation for the local model with N = Nloc in (102).

If the CMB bispectrum bl1l2l3 is not known precisely for the primordial model under study, then the
normalisation factor N in (103) can still be estimated using the shape function S(k1, k2, k3). Primordial
and CMB correlators are closely related, so one can obtain a fairly accurate approximation to the relative
normalisations above (103-104) from [11]

Ñ 2 =
∫

Vk

S 2(k1, k2, k3) w(k1, k2, k3) dVk , (105)

where the appropriate weight function was found to be w(k1, k2, k3) ≈ 1/(k1 + k2 + k3) and the domain
Vk is given by k1, k2, k3 ≤ kmax(lmax) (refer to the discussion before (28) in section II). Here, we note
that N/N̄loc fNL=1 ≈ Ñ/Ñloc fNL=1. Using this primordial shape function normalisation Ñ in ref. [11] led
to a comparable definition of f̄NL ≈ FNL, which can be useful for making fairly accurate projections
of nonGaussianity or for renormalising fNL constraints for different models into more compatible FNL

constraints.
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NL = f loc
NL for a

given lmax). We presume that we have an unnormalised CMB bispectrum bl1l2l3 accurately calculated for
a specific theoretical model over the whole observationally relevant domain l ≤ lmax. This can be achieved
for any model using the separable mode expansion (76) or hierarchical methods [11]. We then define FNL

from an adapted version of the estimator (31) with

FNL =
1

NN̄loc

∑

limi

Gl1l2l3
m1m2m3

bl1l2l3
al1m1al2m2al3m3

Cl1Cl2Cl3
, (102)

where N is the appropriate normalisation factor for the given model,

N 2 =
∑

li

B2
l1l2l3

Cl1Cl2Cl3
, (103)

and N̄loc is the normalisation for the local model with fNL = 1,

N̄ 2
loc =

∑

li

Bloc (fNL=1)
l1l2l3

2

Cl1Cl2Cl3
. (104)

This FNL estimator will certainly recover the usual fNL for the local model, but it is also clear that it will
also equitably compare the total integrated observational bispectrum with that obtained from the fNL = 1
local model. Of course, these definitions presume a sum to a given l = lmax (which should be quoted)
but results for primordial models should not depend strongly on this cut-off, unless scale-invariance is
broken. In any case, diffusion from the transfer functions means that the primordial signal is dying out
beyond l ! 2000, so we propose a canonical cut-off at lmax = 2000 (which is also relevant in the medium
term for the Planck experiment). Late-time anisotropies, such as cosmic strings, do not generically fall-off
exponentially for l ! 2000, but meaningful comparisons to the local fNL=1 model can be made with the
same definition (102) on this domain, and alternative measures can be proposed elsewhere. In principle, the
normalised estimator (102) can also be adapted as a gross measure of the total bispectral signal over the
given domain, irrespective of the possible underlying physical model. For example, using the reconstruction
from Parseval’s theorem (70), the estimator provides a measure of F 2

NL which should then be normalised
relative to the total expectation for the local model with N = Nloc in (102).

If the CMB bispectrum bl1l2l3 is not known precisely for the primordial model under study, then the
normalisation factor N in (103) can still be estimated using the shape function S(k1, k2, k3). Primordial
and CMB correlators are closely related, so one can obtain a fairly accurate approximation to the relative
normalisations above (103-104) from [11]

Ñ 2 =
∫

Vk

S 2(k1, k2, k3) w(k1, k2, k3) dVk , (105)

where the appropriate weight function was found to be w(k1, k2, k3) ≈ 1/(k1 + k2 + k3) and the domain
Vk is given by k1, k2, k3 ≤ kmax(lmax) (refer to the discussion before (28) in section II). Here, we note
that N/N̄loc fNL=1 ≈ Ñ/Ñloc fNL=1. Using this primordial shape function normalisation Ñ in ref. [11] led
to a comparable definition of f̄NL ≈ FNL, which can be useful for making fairly accurate projections
of nonGaussianity or for renormalising fNL constraints for different models into more compatible FNL

constraints.
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Like (83), it consists entirely of separable sums and tractable integrals which can be performed rapidly.
As before, the separation of the estimator into two ᾱQn and β̄Qn halves indicates that this approach could

offer more direct information about the bispectrum than just fNL for one model. Consider the expectation
value of β̄Qn from an ensemble of maps with a given bl1l2l3 (and Cl) expanded as (89). Following the steps
used to derive (84), we find a considerably simpler expression after substituting (89):

〈β̄Qn 〉 =
∫

d2n̂
∫

x2dx 〈M̄Q
n (n̂, x)〉 =

∑

li,mi

q̄{p(l1)q̄r(l2)q̄s}(l3)
vl1vl2vl3

√
Cl1Cl2Cl3

(
G l1 l2 l3

m1m2m3

)2
bl1l2l3 (96)

=
∑

li,mi

wl1l2l3Qn(l1, l2, l3)
vl1vl2vl3

√
Cl1Cl2Cl3

∑

p

ᾱQpQp(l1, l2, l3)
√

Cl1Cl2Cl3

vl1vl2vl3
(97)

=
∑

p

ᾱQp
∑

l1l2l3

w̄l1l2l3QnQp =
∑

p

Γ̄npᾱ
Q
p , (98)

where the modified weight function w̄l1l2l3 is given in (49) and Γnp = 〈Qn, Qp〉 as discussed previously.
Hence, the estimator, when applied to a map containing the bispectrum defined by ᾱQn , should have the
expectation value

〈E〉 =
1
N

∑

n

∑

p

ᾱQn Γ̄npᾱ
Q
p . (99)

Now rotating to our orthonomal basis Rn, we note that from the relation (??) we can deduce the simple
and elegant form

〈E〉 =
1
N

∑

n

ᾱRn
2 . (100)

That is, we expect the best fit β̄Rn ’s for a particular realization to be the ᾱRn ’s themselves. The simplicity
of this result is not unexpected, since it would be obtained by correlating a bispectrum decomposed into
the Rn with itself. The advance here is that extracting the spectrum β̄Rn from the observed map would be
intractable for large lmax, were it not for the transformation made to a non-orthogonal separable frame.
Assuming the coefficients β̄Rn are measured with some significance from a particular experiment, we can go
further and reconstruct the map bispectrum using (89)

bl1l2l3 =
√

Cl1Cl2Cl3

vl1vl2vl3

∑

n

β̄RnRn . (101)

We reiterate that the viability of this fast and general reconstruction scheme [14] depends on two key
factors, first, the smoothness of the reduced bispectrum bl1l2l3 , requiring few modes to characterise it, and,
secondly, on the completeness of the orthonormal basis from which the separable expansion was obtained.
We note that this methodology can be applied using any complete mode expansions, beyond the polynomial
examples given here, as well as with over-complete decompositions, such as wavelets, or with binning. In
the next section, we will demonstrate the efficacy of this method with simulated maps (for a sufficiently
large fNL), recovering the expected ᾱRn spectrum and the main distinguishing features of the bispectrum
bl1l2l3 .

C. Observable FNL normalization

In previous work [11], we pointed out the shortcomings of normalising the quantity fNL using the conven-
tions employed to date in the literature (see also [25]). At present, the central point in the primordial shape
function defined in (12) is normalised to unity assuming scale invariance, that is, S(k, k, k) = 1 with no

To get the normalisation of the recovered bispectrum we can 
normalise relative to the local model
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k-dependence. This produces inconsistent results between models peaking or dipping at this central point
(actually along this line); contrast the factor of 7 between the quoted variances of the equilateral and local
models for exactly this reason. Furthermore, the definition is not well-defined for models which are not
scale-invariant, such as feature models, and it is simply not applicable nonGaussian signals created at late
times, such as those induced by cosmic strings or secondary anisotropies.

We, therefore, propose a universally defined bispectrum non-Gaussianity parameter FNL which (i) is a
measure of the total observational signal expected for the bispectrum of the model in question and (ii)
is normalised for direct comparison with the canonical local model (in particular, with F loc

NL = f loc
NL for a

given lmax). We presume that we have an unnormalised CMB bispectrum bl1l2l3 accurately calculated for
a specific theoretical model over the whole observationally relevant domain l ≤ lmax. This can be achieved
for any model using the separable mode expansion (76) or hierarchical methods [11]. We then define FNL

from an adapted version of the estimator (31) with

FNL =
1

NN̄loc

∑

limi

Gl1l2l3
m1m2m3

bl1l2l3
al1m1al2m2al3m3

Cl1Cl2Cl3
, (102)

where N is the appropriate normalisation factor for the given model,

N 2 =
∑

li

B2
l1l2l3

Cl1Cl2Cl3
, (103)

and N̄loc is the normalisation for the local model with fNL = 1,

N̄ 2
loc =

∑

li

Bloc (fNL=1)
l1l2l3

2

Cl1Cl2Cl3
. (104)

This FNL estimator will certainly recover the usual fNL for the local model, but it is also clear that it will
also equitably compare the total integrated observational bispectrum with that obtained from the fNL = 1
local model. Of course, these definitions presume a sum to a given l = lmax (which should be quoted)
but results for primordial models should not depend strongly on this cut-off, unless scale-invariance is
broken. In any case, diffusion from the transfer functions means that the primordial signal is dying out
beyond l ! 2000, so we propose a canonical cut-off at lmax = 2000 (which is also relevant in the medium
term for the Planck experiment). Late-time anisotropies, such as cosmic strings, do not generically fall-off
exponentially for l ! 2000, but meaningful comparisons to the local fNL=1 model can be made with the
same definition (102) on this domain, and alternative measures can be proposed elsewhere. In principle, the
normalised estimator (102) can also be adapted as a gross measure of the total bispectral signal over the
given domain, irrespective of the possible underlying physical model. For example, using the reconstruction
from Parseval’s theorem (70), the estimator provides a measure of F 2

NL which should then be normalised
relative to the total expectation for the local model with N = Nloc in (102).

If the CMB bispectrum bl1l2l3 is not known precisely for the primordial model under study, then the
normalisation factor N in (103) can still be estimated using the shape function S(k1, k2, k3). Primordial
and CMB correlators are closely related, so one can obtain a fairly accurate approximation to the relative
normalisations above (103-104) from [11]

Ñ 2 =
∫

Vk

S 2(k1, k2, k3) w(k1, k2, k3) dVk , (105)

where the appropriate weight function was found to be w(k1, k2, k3) ≈ 1/(k1 + k2 + k3) and the domain
Vk is given by k1, k2, k3 ≤ kmax(lmax) (refer to the discussion before (28) in section II). Here, we note
that N/N̄loc fNL=1 ≈ Ñ/Ñloc fNL=1. Using this primordial shape function normalisation Ñ in ref. [11] led
to a comparable definition of f̄NL ≈ FNL, which can be useful for making fairly accurate projections
of nonGaussianity or for renormalising fNL constraints for different models into more compatible FNL

constraints.
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k-dependence. This produces inconsistent results between models peaking or dipping at this central point
(actually along this line); contrast the factor of 7 between the quoted variances of the equilateral and local
models for exactly this reason. Furthermore, the definition is not well-defined for models which are not
scale-invariant, such as feature models, and it is simply not applicable nonGaussian signals created at late
times, such as those induced by cosmic strings or secondary anisotropies.

We, therefore, propose a universally defined bispectrum non-Gaussianity parameter FNL which (i) is a
measure of the total observational signal expected for the bispectrum of the model in question and (ii)
is normalised for direct comparison with the canonical local model (in particular, with F loc

NL = f loc
NL for a

given lmax). We presume that we have an unnormalised CMB bispectrum bl1l2l3 accurately calculated for
a specific theoretical model over the whole observationally relevant domain l ≤ lmax. This can be achieved
for any model using the separable mode expansion (76) or hierarchical methods [11]. We then define FNL

from an adapted version of the estimator (31) with

FNL =
1

NN̄loc

∑

limi

Gl1l2l3
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bl1l2l3
al1m1al2m2al3m3
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, (102)

where N is the appropriate normalisation factor for the given model,

N 2 =
∑

li

B2
l1l2l3

Cl1Cl2Cl3
, (103)

and N̄loc is the normalisation for the local model with fNL = 1,

N̄ 2
loc =

∑
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Bloc (fNL=1)
l1l2l3

2

Cl1Cl2Cl3
. (104)

This FNL estimator will certainly recover the usual fNL for the local model, but it is also clear that it will
also equitably compare the total integrated observational bispectrum with that obtained from the fNL = 1
local model. Of course, these definitions presume a sum to a given l = lmax (which should be quoted)
but results for primordial models should not depend strongly on this cut-off, unless scale-invariance is
broken. In any case, diffusion from the transfer functions means that the primordial signal is dying out
beyond l ! 2000, so we propose a canonical cut-off at lmax = 2000 (which is also relevant in the medium
term for the Planck experiment). Late-time anisotropies, such as cosmic strings, do not generically fall-off
exponentially for l ! 2000, but meaningful comparisons to the local fNL=1 model can be made with the
same definition (102) on this domain, and alternative measures can be proposed elsewhere. In principle, the
normalised estimator (102) can also be adapted as a gross measure of the total bispectral signal over the
given domain, irrespective of the possible underlying physical model. For example, using the reconstruction
from Parseval’s theorem (70), the estimator provides a measure of F 2

NL which should then be normalised
relative to the total expectation for the local model with N = Nloc in (102).

If the CMB bispectrum bl1l2l3 is not known precisely for the primordial model under study, then the
normalisation factor N in (103) can still be estimated using the shape function S(k1, k2, k3). Primordial
and CMB correlators are closely related, so one can obtain a fairly accurate approximation to the relative
normalisations above (103-104) from [11]

Ñ 2 =
∫

Vk

S 2(k1, k2, k3) w(k1, k2, k3) dVk , (105)

where the appropriate weight function was found to be w(k1, k2, k3) ≈ 1/(k1 + k2 + k3) and the domain
Vk is given by k1, k2, k3 ≤ kmax(lmax) (refer to the discussion before (28) in section II). Here, we note
that N/N̄loc fNL=1 ≈ Ñ/Ñloc fNL=1. Using this primordial shape function normalisation Ñ in ref. [11] led
to a comparable definition of f̄NL ≈ FNL, which can be useful for making fairly accurate projections
of nonGaussianity or for renormalising fNL constraints for different models into more compatible FNL
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k-dependence. This produces inconsistent results between models peaking or dipping at this central point
(actually along this line); contrast the factor of 7 between the quoted variances of the equilateral and local
models for exactly this reason. Furthermore, the definition is not well-defined for models which are not
scale-invariant, such as feature models, and it is simply not applicable nonGaussian signals created at late
times, such as those induced by cosmic strings or secondary anisotropies.

We, therefore, propose a universally defined bispectrum non-Gaussianity parameter FNL which (i) is a
measure of the total observational signal expected for the bispectrum of the model in question and (ii)
is normalised for direct comparison with the canonical local model (in particular, with F loc
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given lmax). We presume that we have an unnormalised CMB bispectrum bl1l2l3 accurately calculated for
a specific theoretical model over the whole observationally relevant domain l ≤ lmax. This can be achieved
for any model using the separable mode expansion (76) or hierarchical methods [11]. We then define FNL

from an adapted version of the estimator (31) with
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1
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∑
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where N is the appropriate normalisation factor for the given model,

N 2 =
∑
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and N̄loc is the normalisation for the local model with fNL = 1,
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This FNL estimator will certainly recover the usual fNL for the local model, but it is also clear that it will
also equitably compare the total integrated observational bispectrum with that obtained from the fNL = 1
local model. Of course, these definitions presume a sum to a given l = lmax (which should be quoted)
but results for primordial models should not depend strongly on this cut-off, unless scale-invariance is
broken. In any case, diffusion from the transfer functions means that the primordial signal is dying out
beyond l ! 2000, so we propose a canonical cut-off at lmax = 2000 (which is also relevant in the medium
term for the Planck experiment). Late-time anisotropies, such as cosmic strings, do not generically fall-off
exponentially for l ! 2000, but meaningful comparisons to the local fNL=1 model can be made with the
same definition (102) on this domain, and alternative measures can be proposed elsewhere. In principle, the
normalised estimator (102) can also be adapted as a gross measure of the total bispectral signal over the
given domain, irrespective of the possible underlying physical model. For example, using the reconstruction
from Parseval’s theorem (70), the estimator provides a measure of F 2

NL which should then be normalised
relative to the total expectation for the local model with N = Nloc in (102).

If the CMB bispectrum bl1l2l3 is not known precisely for the primordial model under study, then the
normalisation factor N in (103) can still be estimated using the shape function S(k1, k2, k3). Primordial
and CMB correlators are closely related, so one can obtain a fairly accurate approximation to the relative
normalisations above (103-104) from [11]

Ñ 2 =
∫
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S 2(k1, k2, k3) w(k1, k2, k3) dVk , (105)

where the appropriate weight function was found to be w(k1, k2, k3) ≈ 1/(k1 + k2 + k3) and the domain
Vk is given by k1, k2, k3 ≤ kmax(lmax) (refer to the discussion before (28) in section II). Here, we note
that N/N̄loc fNL=1 ≈ Ñ/Ñloc fNL=1. Using this primordial shape function normalisation Ñ in ref. [11] led
to a comparable definition of f̄NL ≈ FNL, which can be useful for making fairly accurate projections
of nonGaussianity or for renormalising fNL constraints for different models into more compatible FNL
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given lmax). We presume that we have an unnormalised CMB bispectrum bl1l2l3 accurately calculated for
a specific theoretical model over the whole observationally relevant domain l ≤ lmax. This can be achieved
for any model using the separable mode expansion (76) or hierarchical methods [11]. We then define FNL

from an adapted version of the estimator (31) with
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where N is the appropriate normalisation factor for the given model,

N 2 =
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and N̄loc is the normalisation for the local model with fNL = 1,
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This FNL estimator will certainly recover the usual fNL for the local model, but it is also clear that it will
also equitably compare the total integrated observational bispectrum with that obtained from the fNL = 1
local model. Of course, these definitions presume a sum to a given l = lmax (which should be quoted)
but results for primordial models should not depend strongly on this cut-off, unless scale-invariance is
broken. In any case, diffusion from the transfer functions means that the primordial signal is dying out
beyond l ! 2000, so we propose a canonical cut-off at lmax = 2000 (which is also relevant in the medium
term for the Planck experiment). Late-time anisotropies, such as cosmic strings, do not generically fall-off
exponentially for l ! 2000, but meaningful comparisons to the local fNL=1 model can be made with the
same definition (102) on this domain, and alternative measures can be proposed elsewhere. In principle, the
normalised estimator (102) can also be adapted as a gross measure of the total bispectral signal over the
given domain, irrespective of the possible underlying physical model. For example, using the reconstruction
from Parseval’s theorem (70), the estimator provides a measure of F 2

NL which should then be normalised
relative to the total expectation for the local model with N = Nloc in (102).

If the CMB bispectrum bl1l2l3 is not known precisely for the primordial model under study, then the
normalisation factor N in (103) can still be estimated using the shape function S(k1, k2, k3). Primordial
and CMB correlators are closely related, so one can obtain a fairly accurate approximation to the relative
normalisations above (103-104) from [11]

Ñ 2 =
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S 2(k1, k2, k3) w(k1, k2, k3) dVk , (105)

where the appropriate weight function was found to be w(k1, k2, k3) ≈ 1/(k1 + k2 + k3) and the domain
Vk is given by k1, k2, k3 ≤ kmax(lmax) (refer to the discussion before (28) in section II). Here, we note
that N/N̄loc fNL=1 ≈ Ñ/Ñloc fNL=1. Using this primordial shape function normalisation Ñ in ref. [11] led
to a comparable definition of f̄NL ≈ FNL, which can be useful for making fairly accurate projections
of nonGaussianity or for renormalising fNL constraints for different models into more compatible FNL
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Like (83), it consists entirely of separable sums and tractable integrals which can be performed rapidly.
As before, the separation of the estimator into two ᾱQn and β̄Qn halves indicates that this approach could

offer more direct information about the bispectrum than just fNL for one model. Consider the expectation
value of β̄Qn from an ensemble of maps with a given bl1l2l3 (and Cl) expanded as (89). Following the steps
used to derive (84), we find a considerably simpler expression after substituting (89):

〈β̄Qn 〉 =
∫

d2n̂
∫

x2dx 〈M̄Q
n (n̂, x)〉 =

∑

li,mi

q̄{p(l1)q̄r(l2)q̄s}(l3)
vl1vl2vl3

√
Cl1Cl2Cl3

(
G l1 l2 l3

m1m2m3

)2
bl1l2l3 (96)

=
∑

li,mi

wl1l2l3Qn(l1, l2, l3)
vl1vl2vl3

√
Cl1Cl2Cl3

∑

p

ᾱQpQp(l1, l2, l3)
√

Cl1Cl2Cl3

vl1vl2vl3
(97)

=
∑

p

ᾱQp
∑

l1l2l3

w̄l1l2l3QnQp =
∑

p

Γ̄npᾱ
Q
p , (98)

where the modified weight function w̄l1l2l3 is given in (49) and Γnp = 〈Qn, Qp〉 as discussed previously.
Hence, the estimator, when applied to a map containing the bispectrum defined by ᾱQn , should have the
expectation value

〈E〉 =
1
N

∑

n

∑

p

ᾱQn Γ̄npᾱ
Q
p . (99)

Now rotating to our orthonomal basis Rn, we note that from the relation (??) we can deduce the simple
and elegant form

〈E〉 =
1
N

∑

n

ᾱRn
2 . (100)

That is, we expect the best fit β̄Rn ’s for a particular realization to be the ᾱRn ’s themselves. The simplicity
of this result is not unexpected, since it would be obtained by correlating a bispectrum decomposed into
the Rn with itself. The advance here is that extracting the spectrum β̄Rn from the observed map would be
intractable for large lmax, were it not for the transformation made to a non-orthogonal separable frame.
Assuming the coefficients β̄Rn are measured with some significance from a particular experiment, we can go
further and reconstruct the map bispectrum using (89)

bl1l2l3 =
√

Cl1Cl2Cl3

vl1vl2vl3

∑

n

β̄RnRn . (101)

We reiterate that the viability of this fast and general reconstruction scheme [14] depends on two key
factors, first, the smoothness of the reduced bispectrum bl1l2l3 , requiring few modes to characterise it, and,
secondly, on the completeness of the orthonormal basis from which the separable expansion was obtained.
We note that this methodology can be applied using any complete mode expansions, beyond the polynomial
examples given here, as well as with over-complete decompositions, such as wavelets, or with binning. In
the next section, we will demonstrate the efficacy of this method with simulated maps (for a sufficiently
large fNL), recovering the expected ᾱRn spectrum and the main distinguishing features of the bispectrum
bl1l2l3 .

C. Observable FNL normalization

In previous work [11], we pointed out the shortcomings of normalising the quantity fNL using the conven-
tions employed to date in the literature (see also [25]). At present, the central point in the primordial shape
function defined in (12) is normalised to unity assuming scale invariance, that is, S(k, k, k) = 1 with no

To get the normalisation of the recovered bispectrum we can 
normalise relative to the local model
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k-dependence. This produces inconsistent results between models peaking or dipping at this central point
(actually along this line); contrast the factor of 7 between the quoted variances of the equilateral and local
models for exactly this reason. Furthermore, the definition is not well-defined for models which are not
scale-invariant, such as feature models, and it is simply not applicable nonGaussian signals created at late
times, such as those induced by cosmic strings or secondary anisotropies.

We, therefore, propose a universally defined bispectrum non-Gaussianity parameter FNL which (i) is a
measure of the total observational signal expected for the bispectrum of the model in question and (ii)
is normalised for direct comparison with the canonical local model (in particular, with F loc

NL = f loc
NL for a

given lmax). We presume that we have an unnormalised CMB bispectrum bl1l2l3 accurately calculated for
a specific theoretical model over the whole observationally relevant domain l ≤ lmax. This can be achieved
for any model using the separable mode expansion (76) or hierarchical methods [11]. We then define FNL

from an adapted version of the estimator (31) with

FNL =
1

NN̄loc

∑

limi

Gl1l2l3
m1m2m3

bl1l2l3
al1m1al2m2al3m3

Cl1Cl2Cl3
, (102)

where N is the appropriate normalisation factor for the given model,

N 2 =
∑

li

B2
l1l2l3

Cl1Cl2Cl3
, (103)

and N̄loc is the normalisation for the local model with fNL = 1,

N̄ 2
loc =

∑

li

Bloc (fNL=1)
l1l2l3

2

Cl1Cl2Cl3
. (104)

This FNL estimator will certainly recover the usual fNL for the local model, but it is also clear that it will
also equitably compare the total integrated observational bispectrum with that obtained from the fNL = 1
local model. Of course, these definitions presume a sum to a given l = lmax (which should be quoted)
but results for primordial models should not depend strongly on this cut-off, unless scale-invariance is
broken. In any case, diffusion from the transfer functions means that the primordial signal is dying out
beyond l ! 2000, so we propose a canonical cut-off at lmax = 2000 (which is also relevant in the medium
term for the Planck experiment). Late-time anisotropies, such as cosmic strings, do not generically fall-off
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Like (83), it consists entirely of separable sums and tractable integrals which can be performed rapidly.
As before, the separation of the estimator into two ᾱQn and β̄Qn halves indicates that this approach could

offer more direct information about the bispectrum than just fNL for one model. Consider the expectation
value of β̄Qn from an ensemble of maps with a given bl1l2l3 (and Cl) expanded as (89). Following the steps
used to derive (84), we find a considerably simpler expression after substituting (89):

〈β̄Qn 〉 =
∫

d2n̂
∫

x2dx 〈M̄Q
n (n̂, x)〉 =

∑

li,mi

q̄{p(l1)q̄r(l2)q̄s}(l3)
vl1vl2vl3

√
Cl1Cl2Cl3

(
G l1 l2 l3

m1m2m3

)2
bl1l2l3 (96)

=
∑

li,mi

wl1l2l3Qn(l1, l2, l3)
vl1vl2vl3

√
Cl1Cl2Cl3

∑

p

ᾱQpQp(l1, l2, l3)
√

Cl1Cl2Cl3

vl1vl2vl3
(97)

=
∑

p

ᾱQp
∑

l1l2l3

w̄l1l2l3QnQp =
∑

p

Γ̄npᾱ
Q
p , (98)

where the modified weight function w̄l1l2l3 is given in (49) and Γnp = 〈Qn, Qp〉 as discussed previously.
Hence, the estimator, when applied to a map containing the bispectrum defined by ᾱQn , should have the
expectation value

〈E〉 =
1
N

∑

n

∑

p

ᾱQn Γ̄npᾱ
Q
p . (99)

Now rotating to our orthonomal basis Rn, we note that from the relation (??) we can deduce the simple
and elegant form

〈E〉 =
1
N

∑

n

ᾱRn
2 . (100)

That is, we expect the best fit β̄Rn ’s for a particular realization to be the ᾱRn ’s themselves. The simplicity
of this result is not unexpected, since it would be obtained by correlating a bispectrum decomposed into
the Rn with itself. The advance here is that extracting the spectrum β̄Rn from the observed map would be
intractable for large lmax, were it not for the transformation made to a non-orthogonal separable frame.
Assuming the coefficients β̄Rn are measured with some significance from a particular experiment, we can go
further and reconstruct the map bispectrum using (89)

bl1l2l3 =
√

Cl1Cl2Cl3

vl1vl2vl3

∑

n

β̄RnRn . (101)

We reiterate that the viability of this fast and general reconstruction scheme [14] depends on two key
factors, first, the smoothness of the reduced bispectrum bl1l2l3 , requiring few modes to characterise it, and,
secondly, on the completeness of the orthonormal basis from which the separable expansion was obtained.
We note that this methodology can be applied using any complete mode expansions, beyond the polynomial
examples given here, as well as with over-complete decompositions, such as wavelets, or with binning. In
the next section, we will demonstrate the efficacy of this method with simulated maps (for a sufficiently
large fNL), recovering the expected ᾱRn spectrum and the main distinguishing features of the bispectrum
bl1l2l3 .

C. Observable FNL normalization

In previous work [11], we pointed out the shortcomings of normalising the quantity fNL using the conven-
tions employed to date in the literature (see also [25]). At present, the central point in the primordial shape
function defined in (12) is normalised to unity assuming scale invariance, that is, S(k, k, k) = 1 with no

To get the normalisation of the recovered bispectrum we can 
normalise relative to the local model
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Trispectrum estimation
• Easiest to tackle the non-diagonal case (most models)

• We can expand in polynomials

• The modal estimator becomes

1

〈Φ(k1)Φ(k2)Φ(k3)Φ(k4)〉c = (2π)3δ(k1 + k2 + k3 + k4)T ′Φ(k1,k2,k3,k4).

〈Φ(k1)Φ(k2)Φ(k3)Φ(k4)〉c = (2π)3δ(k1 + k2 + k3 + k4)T ′Φ(k1,k2,k3,k4).

〈Φ(k1)Φ(k2)Φ(k3)Φ(k4)〉c = (2π)3
∫

d3Kδ(k1 + k2 + K)δ(k3 + k4 −K)TΦ(k1,k2,k3,k4;K). (1)

〈Φ(k1)Φ(k2)Φ(k3)Φ(k4)〉c = (2π)3
∫

d3Kδ(k1 + k2 + K)δ(k3 + k4 −K)TΦ(k1,k2,k3,k4;K). (2)

TΦ(k1, k2, k3, k4;K, θ4) =
∞∑

n=0

TΦ,n(k1, k2, k3, k4;K)Pn(cos θ4). (3)

TΦ(k1, k2, k3, k4;K, θ4) =
∞∑

n=0

TΦ,n(k1, k2, k3, k4;K)Pn(cos θ4). (4)

T l1l2
l3l4

(L)planar = hl1l2Lhl3l4L

(
2
π

)5 ∫
(k1k2k3k4K)2dk1dk2dk3dk4dKr2

1dr1r
2
2dr2jL(Kr1)jL(Kr2)

×[jl1(k1r1)∆l1(k1)][jl2(k2r1)∆l2(k2)][jl3(k3r2)∆l3(k3)][jl4(k4r2)∆l4(k4)]TΦ,0(k1, k2, k3, k4;K).

T l1l2
l3l4

(L)planar = hl1l2Lhl3l4L

(
2
π

)5 ∫
(k1k2k3k4K)2dk1dk2dk3dk4dKr2

1dr1r
2
2dr2jL(Kr1)jL(Kr2)

×[jl1(k1r1)∆l1(k1)][jl2(k2r1)∆l2(k2)][jl3(k3r2)∆l3(k3)][jl4(k4r2)∆l4(k4)]TΦ,0(k1, k2, k3, k4;K).

Egeneral =
fsky

Ñ
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String Bispectrum & Trispectrum

• Late-time gravitational effect - integrated after decoupling

• Symmetry considerations suppress 3pt relative to 4pt 

1
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Regan & EPS, 2009; see also Ringeval et al 2009
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Trispectrum constraints

We have constrained a small selection of models 
via the trispectrum (normalised to gNL)

Prospects for Planck good - notably stringent cosmic
string bound

Fergusson, Regan & EPS, arXiv:1012.6039



Modal LSS estimator
• Estimator for a theoretical bispectrum B(k1,k2,k3)

- seems computationally intensive with O(nmax6) operations
- B(k1,k2,k3) acquires extra NG from nonlinear gravity
- multiple N-body simulations/analysis for each model tested

• Mode expansion for bispectrum (and trispectrum)

• Modal LSS estimator 
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fNL −→ FNL with N2 ≡ NfNL=1
local Ntheory (12)
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local Ntheory (13)

Φ =Φ G + FNLΦB + τNLΦT (ΦG Gaussian) (14)

Φ =Φ G + FNLΦB + τNLΦT (ΦG Gaussian) (15)
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Φ =Φ G + FNLΦB + τNLΦT (ΦG Gaussian) (15)

FRS, arXiv:
1008.1730



Generic LSS Initial Conditions
• N-body simulations with arbitrary bispectrum i.c.s

• ... and trispectra

• highly efficient working pipeline, e.g. local ...
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where the integral over the five spherical Bessel functions serves also to define the allowed quadspectrum domain VQ.
The expression (29) may be used to derive a weight to decompose the quadspectrum in the form Q̃(k1, k2, k3, k4, k5) =∑

n αnQn(k1, k2, k3, k4, k5) where n ↔ {r, s, t, u, v} and Qn(k1, k2, k3, k4, k5) = qr(k1)qs(k2)qt(k3)qu(k4)qv(k5). The
resulting separable estimator is directly analogous to that for the nondiagonal trispectrum (28), but for brevity we
will only discuss initial conditions with a nontrivial quadspectrum.

IV. EFFICIENT GENERATION OF ARBITRARY NON-GAUSSIAN INITIAL CONDITIONS

The generation of non-Gaussian initial conditions for N -body simulations with a given primordial bispectrum has
been achieved to date only for bispectra which have a simple separable form (see, e.g., [8? –10]). For N -body codes
to efficiently produce non-Gaussian initial conditions for an arbitrary non-separable bispectrum, will requires a well-
behaved separable mode decomposition, as achieved for CMB map simulations in ref. [? ]. However, we can do even
better by simulating initial data given both an arbitrary bispectrum and trispectrum, as shown for the CMB in ref. [11].
As we have discussed already, this is of particular interest for measurements of the large-scale structure bispectrum,
because of nonlinear contributions expected from the trispectrum. We describe the non-Gaussian primordial potential
perturbation as

Φ =Φ G + FNLΦB + τNLΦT (30)

where ΦG is a Gaussian random field with the required power spectrum P (k). Following ref. [? ] for the primordial
bispectrum B(k1, k2, k3) with separable expansion (??), the bispectrum contribution to the primordial perturbation
Φ becomes simply

ΦB(k) =
∫

d3k
′
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d3k
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√
P (k)

k
q{r(k)

∫
d3xeik.xMs(x)Mt}(x), (32)

where the filtered density perturbations Ms(x) are as defined previously in (12) for the bispectrum estimator (??).
(We note that the bispectrum algorithm in ref. [? ] used here is a generalization of the CMB bispectrum algorithm
presented in ref. [? ].) Of course, we normalise B(k1, k2, k3) such that it has FNL = 1. Like the estimator, this requires
only O(nmax × l3max) operations for every realization of new initial conditions, as opposed to a brute force approach
which requires l6max. Note also that once the nmax filtered density perturbations

∫
d3xeik.xMs(x)Mt}(x) have been

obtained for a given ΦB , they can be applied to an arbitrary number of different shaped bispectra represent by αQn ’s.
We can similarly find a relatively simple and highly efficient expression to compute initial conditions for the trispec-

trum ΦT . Following ref. [11], the primordial trispectrum T (k1, k2, k3, µ, ν) represented and expanded using wavenum-
ber qr(k) and angle Pu(µ) modes as in (??), the trispectrum contribution to Φ becomes

ΦT (k) =
∫

d3k
′

(2π)3
d3k

′′

(2π)3
d3k

′′′

(2π)3
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=
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∫

d3xeik.xMm1∗
sl1

(x)Mt(x)Mm2∗
ul2

(x), (34)

where the filtered density perturbations Mm1∗
sl1

and Mt are as in the earlier expression for βnl1l2 except for the
replacement of δobs

k with ΦG(k). We have shown in ref. [11] that the bispectrum (31) and trispectrum (33) contributions
are independent and do not influence each other.

For the particular case that the trispectrum is independent of the angles µ, ν (or diagonals K1, K2) the decompo-
sition is somewhat simpler:

ΦT (k) =
∑

n

ᾱQnqr(k)
∫

d3xeik.xMs(x)Mt(x)Mu(x) . (35)

This applies to many cases in the literature, including constant, local and equilateral models. This simplification will
also apply to initial conditions with non-diagonal quadspectra (??). The expression for quadspectrum perturbation
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where the integral over the five spherical Bessel functions serves also to define the allowed quadspectrum domain VQ.
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Φ =Φ G + FNLΦB + τNLΦT (30)
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bispectrum B(k1, k2, k3) with separable expansion (??), the bispectrum contribution to the primordial perturbation
Φ becomes simply

ΦB(k) =
∫

d3k
′

(2π)3
d3k

′′

(2π)3
(2π)3δ(k + k

′
+ k

′′
)B(k, k

′
, k

′′
)ΦG(k

′
)ΦG(k

′′
)

P (k′)P (k′′)
, (31)

=
∑

n

αn

√
P (k)

k
q{r(k)

∫
d3xeik.xMs(x)Mt}(x), (32)
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(We note that the bispectrum algorithm in ref. [? ] used here is a generalization of the CMB bispectrum algorithm
presented in ref. [? ].) Of course, we normalise B(k1, k2, k3) such that it has FNL = 1. Like the estimator, this requires
only O(nmax × l3max) operations for every realization of new initial conditions, as opposed to a brute force approach
which requires l6max. Note also that once the nmax filtered density perturbations
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• Quantitative calculation of CMB bispectrum (in general case)
• Comp. tractable & robust    Applicable to cosmic strings, lensing etc

• New WMAP5 constraints on primordial models - total FNL

• Constraints on wide range of feature models l*>150

• New constraints on trispectrum (local, equil, and strings)

• Real discovery potential with Planck satellite at ∆fNL = 5 

• Similar modal approach tractable LSS - truly generic i.c.s

Intermediate Summary

bl1l2l3 =
1
6

Nfact∑

i=1

(
X(i)
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l3
+ 5 perms

)
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a (n̂) =
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lm
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l

alm

Cl
Ylm(n̂), (1)
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1
N

Nfact∑
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∫
dn̂X(i)

a (n̂)Y (i)
a (n̂)Z(i)

a (n̂). (2)

�l1l2l3 =
1
3

∑

αβγ

�αβγ

(
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α(�1)�′
β(�2)�γ(�3) + 2 permutations

)
� (3)

�α(�) = �α(
2�−�max

�max
)��′

α(�) =
�α(�)

�(�+ 1)
� (4)

Model FNL (fNL)

Constant 35.1± 27.4 (149.4± 116.8)

DBI 26.7± 26.5 (146.0± 144.5)

Equilateral 25.1± 26.4 (143.5± 151.2)

Flat (Smoothed) 35.4± 29.2 (18.1± 14.9)

Ghost 22.0± 26.3 (138.7± 165.4)

Local 54.4± 29.4 (54.4± 29.4)

Orthogonal −16.3± 27.3 (−79.4± 133.3)

Single 28.8± 26.6 (142.1± 131.3)

Warm 24.2± 27.3 (94.7± 106.8)

Warm (Smoothed) 10.3± 27.2 (47.4± 125.4)

Table IV: Limits for all known scale invariant models

Model FNL (fNL)

Constant FNL = 35.1± 27.4 (fNL = 149.4± 116.8)

Local FNL = 54.4± 29.4 (fNL = 54.4± 29.4)

Flat (Smoothed) FNL = 35.4± 29.2 (fNL = 18.1± 14.9)

Equilateral FNL = 25.1± 26.4 (fNL = 143.5± 151.2)

DBI FNL = 26.7± 26.5 (fNL = 146.0± 144.5)

Ghost FNL = 22.0± 26.3 (fNL = 138.7± 165.4)

Orthogonal FNL = −16.3± 27.3 (fNL = −79.4± 133.3)

Single FNL = 28.8± 26.6 (fNL = 142.1± 131.3)

WarmS FNL = 10.3± 27.2 (fNL = 47.4± 125.4)

Table V: Limits for all known scale invariant models

Model FNL (fNL)

Constant FNL = 35.1± 27.4 (fNL = 149.4± 116.8)

Local FNL = 54.4± 29.4 (fNL = 54.4± 29.4)

Flat (Smoothed) FNL = 35.4± 29.2 (fNL = 18.1± 14.9)

Equilateral FNL = 25.1± 26.4 (fNL = 143.5± 151.2)

DBI FNL = 26.7± 26.5 (fNL = 146.0± 144.5)

Ghost FNL = 22.0± 26.3 (fNL = 138.7± 165.4)

Single FNL = 28.8± 26.6 (fNL = 142.1± 131.3)

Orthogonal FNL = −16.3± 27.3 (fNL = −79.4± 133.3)

WarmS FNL = 10.3± 27.2 (fNL = 47.4± 125.4)

Table VI: Limits for all known scale invariant models


